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Last Time We Learned:  

Rugar et al. (IBM) 

LIGO interferometer 

Kippenberg  
(EPFL) 

Steele (Delft) 

Schwab et al. Nature 2000. 

LaHaye et al. – Science 2004 

 Wide variety of mechanical systems 
investigated in/near QM regime for 
fundamental studies 

 Sensing applications with limits set by QM 

Schwab (Caltech) 



Outline of the Lectures 

Lecture 1: Origins and Motivations   
     Confluence of several paths of research 

     From gravitational wave detection to nanomechanics      

Lecture 2:  Exploring Quantum Limits of Mechanics 
    Basic criteria for observing quantum behavior in other- 
     wise classically-behaving systems 

    State of the art in regard to meeting these basic criteria 

Lecture 3:  Superconducting qubits and mechanics 
     A mechanical analog to CQED 

     Applications to quantum computing and information 



What does it take to see quantum behavior in 
the motion of macroscopic objects? 

- Extensive subject 
 

- Lots of subtleties related to measurement, the  
nature of various quantum states of motion, and  
the interaction of harmonic systems with their  
environment 
 
- Book by Braginsky is a great place to start learning more 
(began thinking about these issues in the context of  
gravitational wave detection back in the 1970’s) 

Silicon nitride & gold nanobeam 

M. LaHaye (~2005) 

~ 250 nm 

Bismuth  
crystal 

From Sonia LaHaye’s Collection 



In this lecture, I’ll focus on just two aspects of this 
question:  
 
Reducing the effects of thermal noise 
 
And developing quantum limited displacement  
detection 

What does it take to see quantum behavior in 
the motion of macroscopic objects? 
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Thermal Noise 

How Important Are Thermal Fluctuations in 
Limiting the Observation of QM Effects? 

Most Basic Rule of Thumb:  

The Environment: (e.g. defects; phonon radiation,  
EM radiation, etc)  

𝑘𝑘𝐵𝐵𝑇𝑇
ℏ𝜔𝜔 < 1 Require 

For thermal effects 
to ‘freeze out’  
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Assumes measurement time is long compared 
to resonator relaxation time (𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ≫ 1 Γ⁄ ) 

Γ𝑖𝑖  
Total Damping Rate 
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Mechanical Damping 
Rates 

Γ = 𝜔𝜔 𝑄𝑄⁄  

*For mechanical systems 
being developed in the field 
𝑄𝑄s range from 102 − 106 

*See reviews for info:  e.g. M. Poot et al. Phys. Rep. 
511, 273 (2012). M. Aspelmeyer et al. Rev. Mod. Phys. 
86, 1391 (2014). 

Thus typically 1 Γ⁄ > 10−7𝑠𝑠  

*And frequencies 𝜔𝜔 2𝜋𝜋⁄  
range from 103 − 109 
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Assuming Γ𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 1 

Mechanical Damping 
Rates 

Γ = 𝜔𝜔 𝑄𝑄⁄  

For mechanical systems 
being developed in the field 
𝑄𝑄s range from 102 − 106 

And frequencies 𝜔𝜔 2𝜋𝜋⁄  
range from 103 − 109 

Thus typically 1 Γ⁄ > 10−7𝑠𝑠 , 
which can allow  𝜏𝜏𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 < 1 Γ⁄   

*See Braginsky’s books and references therein for more specific criteria:  
V. Braginsky & F. Khalili, Quantum Measurement. V. Braginsky & A. 
Manukin, Measurements of Weak Forces in Physics Experiments 
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Let’s Look at what temperatures 
we need to achieve to satisfy our 
most basic rule of thumb 



Thermal Noise – Freeze-out  

Thermal Occupation Vs. Temperature 
For Several different frequencies (𝜔𝜔/2𝜋𝜋) Dashed lines are average  

# of quanta 𝑁𝑁 𝑡𝑡𝑡 ≈ 𝑘𝑘𝐵𝐵𝑇𝑇/ℏ𝜔𝜔 
(solid lines: BE occupation factor) 

𝑇𝑇 (𝑚𝑚𝑚𝑚) 

𝑁𝑁 𝑡𝑡𝑡 
 

‘Freeze- out’ to  
Quantum regime 

This temperature regime 
Accessible with standard 
Cryogenic methods 

Frequencies correspond to 
typical nano/micro-mechanical 

modes explored in field  

Cooling the environment or increasing 𝜔𝜔 reduces effect of thermal fluctuations 
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𝑵𝑵 𝒕𝒕𝒕𝒕~ 25  

Naik, Buu, LaHaye, Schwab  
Nature, 2006 

𝑵𝑵 𝒕𝒕𝒕𝒕 

Cooling the environment – first approaches to the ground state  

22 MHz nanoresonator 
(NR) fundamental mode 

- Cooled ~ 22 MHz mode to 25 mK ( 𝑵𝑵𝒕𝒕𝒕𝒕  ~ 𝟐𝟐𝟐𝟐) 

- At the time (2004-2006), this was closest 
approach to freeze-out demonstrated for 
structural mechanical mode 

LaHaye, Buu, Camarota Schwab, 
 Science ,2004 

~ 25 mK 

Place on a 
Dilution  

refrigerator 



O’Connell et al., Nature 464, 697 2010 

Dilatational oscillator 
𝜔𝜔0

2𝜋𝜋
 ~ 6 𝐺𝐺𝐻𝐻𝐺𝐺!  

𝑁𝑁𝑡𝑡𝑡 ≈ 𝑘𝑘𝐵𝐵𝑇𝑇
ℏ𝜔𝜔0

= 1  at ~ 300 𝑚𝑚𝑚𝑚! 

O’Connell et al. put this device on a dilution refrigerator 
and cooled it  down to 25 mK so that 𝑵𝑵𝒕𝒕𝒕𝒕 < .𝟏𝟏! 

Approaching the Ground State of a Structural Mode 

A. Cleland’s group (UCSB) 
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and cooled it  down to 25 mK so that 𝑵𝑵𝒕𝒕𝒕𝒕 < .𝟏𝟏! 

Approaching the Ground State of a Structural Mode 

A. Cleland’s group (UCSB) 

After cooling down, they coupled the cantilever to a superconducting qubit 
and demonstrated quantum Rabi oscillations and Ramsey interference with 

the mode… More on this is in Lecture III 



Approaching the Ground State using Back-Action Cooling 

Use the measurement process to cool mechanical modes! 

In these examples, a mechanical mode is  
coupled to EM cavity, which does work on  
the mode cooling it below environment T  

T. Rocheleau et al. Nature 2010 (Schwab Group) 

𝑵𝑵 𝒕𝒕𝒕𝒕 = 𝟑𝟑.𝟖𝟖 

J. Teufel et al. Nature 2011 

Micro 
‘drum head’ 

𝑵𝑵 𝒕𝒕𝒕𝒕 =0.34 

J. Chan et al. Nature 2011 

𝑵𝑵 𝒕𝒕𝒕𝒕 =0.85 

Optomechanical crystal 

~ 6 MHz fundamental  
flexural mode 

~ 10 MHz 

Is the technique of choice for the field.  
How does this work? 



- Example:  Integrate mechanical resonator as mirror in Fabry-Perot cavity  

Constructive interference of light in cavity: 𝐿𝐿 = 𝑛𝑛𝑛𝑛/2  

𝐿𝐿 

If mechanical mirror is oscillating, this will modulate the amplitude 
of light in the cavity because of change in cavity resonance frequency 

But, the modulation of amplitude of light in the cavity will modulate the radiation pressure 
force exerted on the mirrors: Δ𝐹𝐹𝑟𝑟𝑚𝑚𝑟𝑟~ ℏ𝜔𝜔𝑐𝑐Δ𝑛𝑛𝑐𝑐/𝐿𝐿   Importantly, there is a delay in this back-action 

decay of cavity 
intensity limited by 
rate Γ that photons 
‘leak’ out 

Γ 

Dynamical Back-Action Cooling Reviews:  T. J. Kippenberg et al., Science 321, 1172 (2008). 
M. Aspelmeyer, et al. Rev. Mod. Phys 86, 1391 (2014). 

Source: Kippenberg, Science (2008) 

𝜔𝜔𝑐𝑐 2𝜋𝜋⁄ − Cavity Mode  
Resonant Frequency 
 
𝑛𝑛𝑐𝑐 − Cavity Photon # 

𝜔𝜔𝑐𝑐 𝑥𝑥 ~𝜔𝜔𝑐𝑐 + 𝑥𝑥 ∙ 𝑑𝑑𝜔𝜔𝑐𝑐 𝑑𝑑𝑥𝑥⁄  For small displacement 𝑥𝑥 

𝑥𝑥 

𝑛𝑛 

Optical Field 



𝐿𝐿 

Modulation of intensity of light in the cavity due to mirror motion modulate the radiation  
force exerted on the mirrors: Δ𝐹𝐹𝑟𝑟𝑚𝑚𝑟𝑟 = ℏ𝜔𝜔𝑐𝑐Δ𝑛𝑛𝑐𝑐/𝑐𝑐   

𝑥𝑥 

Importantly, there is a delay in this back-action 

decay of cavity 
intensity limited by 
rate Γ that photons 
‘leak’ out 

Γ 

Delay leads to 
cooling  of mirror 
(and also heating) 

Net Work done by 
radiation forces  
𝑊𝑊𝑚𝑚𝑒𝑒 + 𝑊𝑊𝐶𝐶 < 0  

Detailed analysis 
shows that cavity 

looks like cold 
thermal bath; can  

Cool mode to 
ground state 

See: Marquardt et al.  
PRL 99, 093902 (2007) 
Or reviews above 

Reviews:  T. J. Kippenberg et al., Science 321, 1172 (2008). 
M. Aspelmeyer, et al. Rev. Mod. Phys 86, 1391 (2014). 

Source: Kippenberg, Science (2008) 

Dynamical Back-Action Cooling 

- Example:  Integrate mechanical resonator as mirror in Fabry-Perot cavity  

𝑥𝑥 

𝑭𝑭𝒓𝒓𝒓𝒓𝒓𝒓 During Outward motion 
Net work 𝑊𝑊𝑚𝑚𝑒𝑒>0 

𝑥𝑥 

𝑭𝑭𝒓𝒓𝒓𝒓𝒓𝒓 During Inward motion 
Net work 𝑊𝑊𝐶𝐶 < 0 

And 𝑊𝑊𝐶𝐶 > 𝑊𝑊𝑚𝑚𝑒𝑒  

𝑛𝑛 



Reviews:  T. J. Kippenberg et al., Science 321, 1172 (2008). 
M. Aspelmeyer, et al. Rev. Mod. Phys 86, 1391 (2014). Side-Band Cooling 

- The frequency domain picture of back-action cooling 

From Aspelmeyer et al. RMP 2014 

Mechanical mode 
In optical cavity 

Mechanical mode 
In LC Circuit 

- Laser frequency 𝜔𝜔𝐿𝐿is negatively detuned  
     from 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 by the mechanical frequency Ω𝑚𝑚  

- Mechanical motion frequency modulates 
intra-cavity light, producing sidebands at 
𝜔𝜔𝐿𝐿 ± Ω𝑚𝑚 

𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 𝜔𝜔𝐿𝐿 

- However, up-converted light (𝜔𝜔𝐿𝐿 + Ω𝑚𝑚) is 
enhanced due to large mode density at 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐   
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Reviews:  T. J. Kippenberg et al., Science 321, 1172 (2008). 
M. Aspelmeyer, et al. Rev. Mod. Phys 86, 1391 (2014). Side-Band Cooling 

- The frequency domain picture of back-action cooling 

From Aspelmeyer et al. RMP 2014 
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Mechanical Mode 
Driven by Ambient 
Thermal Fluctuations 

Mechanical Mode 
Cooled 

sidebands 

- Mechanical motion frequency modulates 
intra-cavity light, producing sidebands at 
𝜔𝜔𝐿𝐿 ± Ω𝑚𝑚 

- However, up-converted light (𝜔𝜔𝐿𝐿 + Ω𝑚𝑚) is 
enhanced due to large mode density at 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐   

- Power in the up-converted side-band comes from 
mechanics leading to cooling of mechanical mode 

 



Reviews:  T. J. Kippenberg et al., Science 321, 1172 (2008). 
M. Aspelmeyer, et al. Rev. Mod. Phys 86, 1391 (2014). Side-Band Cooling 

- The frequency domain picture of back-action cooling 

From Aspelmeyer et al. RMP 2014 
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Mechanical Mode 
Driven by Ambient 
Thermal Fluctuations 

Mechanical Mode 
Cooled 

sidebands 

- Quantum picture:  essentially Raman scattering 

Incoming 
 photon 

ℏ𝜔𝜔𝐿𝐿 + ℏΩ𝑚𝑚 
Phonon 

ℏ𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 
Up-converted 

Photon 

Beam-splitter  
Hamiltonian 𝐻𝐻𝑚𝑚𝑒𝑒𝑒𝑒 = ℏ𝑔𝑔 𝑛𝑛𝑟𝑟(𝑎𝑎�𝑏𝑏�† + 𝑏𝑏�𝑎𝑎†) 

coupling Drive strength 

𝑛𝑛𝑟𝑟 



Side-Band Cooling to the Ground state 

- Example of flexural mechanical mode cooled to ground state using side-band 
cooling with a superconducting LC circuit 

J. Teufel et al. Nature  475, 359 (2011) 

Drum-head nanoresonator 
(NR) And capacitor 

Planar inductor 

Transmission line enables 
probing LC & NR response at 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐  

- Mechanical Mode frequency Ω𝑚𝑚 2𝜋𝜋⁄ = 10.5 MHz 

- LC frequency 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 2𝜋𝜋⁄ = 7.5 GHz 

- Starting at a temperature of 15 mK (𝑛𝑛𝑚𝑚 = 27), cooled the 
mechanical mode to 𝑛𝑛𝑚𝑚 = 0.34 (only 0.93 in right  fig.) 
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𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 − Ω𝑚𝑚 

Ω𝑚𝑚 

Applied power 
in photon # 

NIST Group (Simmonds, Lehnert) 

𝑛𝑛𝑚𝑚 ≡ NR Thermal  
Occupation 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 



Side-Band Cooling to the Ground state 

- Example of flexural mechanical mode cooled to ground state using side-band 
cooling with a superconducting LC circuit 

J. Teufel et al. Nature  475, 359 (2011) 

Drum-head nanoresonator 
(NR) And capacitor 

Planar inductor 

Transmission line enables 
probing LC & NR response at 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐  

- Starting at a temperature of 15 mK (𝑛𝑛𝑚𝑚 = 27), 
cooled the mechanical mode to 𝑛𝑛𝑚𝑚 = 0.34 

𝑛𝑛𝑟𝑟 

𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 − Ω𝑚𝑚 

Ω𝑚𝑚 

NIST Group (Simmonds, Lehnert) 



Side-Band Cooling and State Transfer to Generate Entanglement 

- In a follow up experiment, the same group from NIST (Teufel, Simmonds, 
Lehnert), used side-band techniques to transfer and store coherent state of 
microwave field in mechanical mode 

- Also demonstrated entanglement between mechanical motion and microwave 
field 

T.A. Palomaki et al. Science 342, 710 (2013)  

Technique used involves  a 
cooling or ‘transfer’ pulse that 
removes phonons to up-convert 
the incident photons 

And it involves  an ‘entangling’ 
pulse that creates entangled 
phonon and photon pairs 

𝐻𝐻𝑚𝑚𝑒𝑒𝑒𝑒 = ℏ𝑔𝑔 𝑛𝑛𝑟𝑟(𝑎𝑎�𝑏𝑏�† + 𝑏𝑏�𝑎𝑎†) 

𝐻𝐻𝑚𝑚𝑒𝑒𝑒𝑒 = ℏ𝑔𝑔 𝑛𝑛𝑟𝑟(𝑎𝑎�𝑏𝑏� + 𝑎𝑎†𝑏𝑏�†) 

𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 𝜔𝜔𝐿𝐿 

𝜔𝜔𝐿𝐿 𝜔𝜔𝑐𝑐𝑚𝑚𝑐𝑐 

Applied  
Microwave 

tone 

Applied  
Microwave 
tone 



Side-Band Cooling and State Transfer to Generate Entanglement 

- NIST group used side-band techniques to transfer and store coherent state of 
microwave field in mechanical mode; demonstrated entanglement 

T.A. Palomaki et al. Science 342, 710 (2013)  

Transfer (cool) Entangle 

𝜔𝜔𝑐𝑐 

Ω𝑚𝑚 

- First apply cooling (‘Transfer’) pulse to 
remove thermal quanta from mechanics 

- Next apply “Entangle” pulse to create 
correlated phonon/photon pairs 

- After delay time 𝜏𝜏𝑟𝑟𝑚𝑚𝑑𝑑 then apply 2nd 
Transfer pulse to transfer coherent 
mechanical state to microwave pulse   

Mechanical state 
transferred to 
cavity output  

Cavity field and 
correlated mechanical 
state created 

Mechanics in ground 
state so no up-converted 
photons 



Side-Band Cooling and State Transfer to Generate Entanglement 

- NIST group used side-band techniques to transfer and store coherent state of 
microwave field in mechanical mode; demonstrated entanglement 

T.A. Palomaki et al. Science 342, 710 (2013)  

Transfer (cool) Entangle 

𝜔𝜔𝑐𝑐 

Ω𝑚𝑚 

After many repeated measurements for 
fixed 𝜏𝜏𝑟𝑟𝑚𝑚𝑑𝑑, they calculate EPR 
inseparability parameter for the field 
quadratures of the cavity output pulses 

Δ𝐸𝐸𝐸𝐸𝐸𝐸 =
1
2 Var 𝑋𝑋𝑟𝑟 + 𝑌𝑌𝑏𝑏 + Var 𝑋𝑋𝑏𝑏 + 𝑌𝑌𝑟𝑟  

Mechanical state 
transferred to 
cavity output  

Cavity field and 
correlated mechanical 
state created 
 
Mechanics in ground 
state so no up-converted 
photons Find entanglement (Δ𝐸𝐸𝐸𝐸𝐸𝐸 = 0.9), for 𝜏𝜏𝑟𝑟𝑚𝑚𝑑𝑑 ≲ 10 µs  

Δ𝐸𝐸𝐸𝐸𝐸𝐸 ≥ 1, for separable states 



Side-Band Cooling and State Transfer to Generate Entanglement 

- NIST group used side-band techniques to transfer and store coherent state of 
microwave field in mechanical mode; demonstrated entanglement 

T.A. Palomaki et al. Science 342, 710 (2013)  

Transfer Entangle 

𝜔𝜔𝑐𝑐 

Ω𝑚𝑚 

Cavity output field  
and correlated  
phonons build up 

Mechanical state 
transferred to 
cavity output  

After many repeated measurements for 
fixed 𝜏𝜏𝑟𝑟𝑚𝑚𝑑𝑑, they calculate EPR 
inseparability parameter for the field 
quadratures of the cavity output pulses 

Δ𝐸𝐸𝐸𝐸𝐸𝐸 =
1
2 Var 𝑋𝑋𝑟𝑟 + 𝑌𝑌𝑏𝑏 + Var 𝑋𝑋𝑏𝑏 + 𝑌𝑌𝑟𝑟  

Find entanglement (Δ𝐸𝐸𝐸𝐸𝐸𝐸 = 0.9), for 𝜏𝜏𝑟𝑟𝑚𝑚𝑑𝑑 ≲ 10 µs  

Milestone for the field:  First demonstration of entanglement between a 
macroscopic mechanical mode and another quantum system 
 
Coherence time of ~10 µs could make this device useful for integration 
with superconducting quantum bits as a form of memory 

Δ𝐸𝐸𝐸𝐸𝐸𝐸 ≥ 1, for separable states 



Side-Band Cooling to the Ground state Using Photonic Cavity 

- Example of a structural breathing mode cooled to ground state using side-band 
cooling with a photonic cavity 

J. Chan et al. Nature 478, 89 (2011). 

Painter Group (Caltech) 

Mechanical 
Breathing Mode 
(Dilatational mode) 
𝜔𝜔𝑚𝑚 2𝜋𝜋⁄ = 3.68 GHz 

High Q Photonic 
Cavity in silicon 
Resonance at 
𝑛𝑛𝑐𝑐 = 1,550 nm 

(T~ 6 K) 

(T~ 17 K) 

𝜔𝜔𝑐𝑐 − 𝜔𝜔𝑚𝑚 

- Taper fiber allows for application of 
sideband tone at 𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑐𝑐 − 𝜔𝜔𝑚𝑚 to 
cool mechanics 



- Example of a structural breathing mode cooled to ground state using side-band 
cooling with a photonic cavity 

J. Chan et al. Nature 478, 89 (2011). 

Painter Group (Caltech) 

(T~ 6 K) 

(T~ 17 K) 

𝜔𝜔𝑐𝑐 − 𝜔𝜔𝑚𝑚 𝜔𝜔𝑐𝑐 

𝜔𝜔𝑚𝑚 2𝜋𝜋⁄ = 3.68 GHz 

𝑛𝑛𝑐𝑐 = 1,550 nm 

- Taper fiber allows for application of 
sideband tone at 𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑐𝑐 − 𝜔𝜔𝑚𝑚 to 
cool mechanics 

- Also allows for measuring up-converted 
photons from cavity (𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑐𝑐) to measure 
mechanical resonator’s thermal motion 

Sideband Cooling 

𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑐𝑐 − 𝜔𝜔𝑚𝑚 

Photons up-converted 
& phonons removed 

Side-Band Cooling to the Ground state Using Photonic Cavity 



- Example of a structural breathing mode cooled to ground state using side-band 
cooling with a photonic cavity 

J. Chan et al. Nature 478, 89 (2011). 

Painter Group (Caltech) 𝜔𝜔𝑚𝑚 2𝜋𝜋⁄ = 3.68 GHz 

𝑛𝑛𝑐𝑐 = 1,550 nm 

- Increasing incident laser power (photon 
number 𝑛𝑛𝑐𝑐) increased the cooling-rate of 
mechanics 

- Ultimately cooled mechanical mode to 
thermal occupation of 𝑛𝑛� = 0.85 

Side-Band Cooling to the Ground state Using Photonic Cavity 

First demonstration of 
cooling near ground state 

using photonic cavity 



- A year later, the Painter group used their system and sideband techniques to 
provide the first (indirect) measurement of the zero-point fluctuation of mechanics  

Side-Band Cooling and Pumping to Observe Zero-Point Fluctuations 
A.H. Safavi-Naeini et al. Phys. Rev. Lett 108, 033602 (2012)  

- Here they used two photonic cavity modes: One for cooling of the mechanics (mode ‘c’); 
and one for read-out of the mechanical sidebands (mode ‘r’).   

Cooling  
 Mode ‘c’ 

Read-out 
 Mode ‘r’ 

- This set up allowed them to probe the absorption and emission spectrum of the 
mechanical resonator as it is cooled down near the ground state 

Noise Spectral Density of Mechanical 
Mode’s Displacement  

𝑥𝑥zpf = ℏ 2𝑚𝑚𝜔𝜔𝑚𝑚⁄  

𝛾𝛾 ≡NR Damping 

𝑛𝑛 ≡NR Thermal  
Occupation 



- A year later, the Painter group used their system and sideband techniques to 
provide the first (indirect) measurement of the zero-point fluctuation of mechanics  

Side-Band Cooling and Pumping to Observe Zero-Point Fluctuations 
A.H. Safavi-Naeini et al. Phys. Rev. Lett 108, 033602 (2012)  

- From expression for 𝑆𝑆𝑒𝑒𝑒𝑒, can see that emission goes to zero as 𝑛𝑛 → 0 as one would 
expect (if NR is in ground state, it cannot give up energy to other systems) 

Cooling  
 Mode ‘c’ 

Read-out 
 Mode ‘r’ 

- Absorption term saturates (for 𝜔𝜔 = 𝜔𝜔𝑚𝑚) at 𝑆𝑆𝑒𝑒𝑒𝑒 = 4𝑥𝑥zpf2 𝛾𝛾 = (4𝑄𝑄 𝜔𝜔𝑚𝑚)𝑥𝑥zpf2⁄�  

Noise Spectral Density of Mechanical 
Mode’s Displacement  

absorption 

Emission 

𝑥𝑥zpf = ℏ 2𝑚𝑚𝜔𝜔𝑚𝑚⁄  

𝛾𝛾 ≡NR Damping 

𝑛𝑛 ≡NR Thermal  
Occupation 

- Should see difference in up-converted and down-converted cavity sidebands as 𝑛𝑛 → 0  



- A year later, the Painter group used their system and sideband techniques to 
provide the first (indirect) measurement of the zero-point fluctuation of mechanics  

Side-Band Cooling and Pumping to Observe Zero-Point Fluctuations 
A.H. Safavi-Naeini et al. Phys. Rev. Lett 108, 033602 (2012)  

- From expression for 𝑆𝑆𝑒𝑒𝑒𝑒, can see that emission goes to zero as 𝑛𝑛 → 0 as one would 
expect (if NR is in ground state, it cannot give up energy to other systems) 

- Absorption term saturates (for 𝜔𝜔 = 𝜔𝜔𝑚𝑚) at 𝑆𝑆𝑒𝑒𝑒𝑒 = 4𝑥𝑥zpf2 𝛾𝛾 = (4𝑄𝑄 𝜔𝜔𝑚𝑚)𝑥𝑥zpf2⁄�  

Noise Spectral Density of Mechanical 
Mode’s Displacement  

absorption 

Emission 

𝑥𝑥zpf = ℏ 2𝑚𝑚𝜔𝜔𝑚𝑚⁄  

𝛾𝛾 ≡NR Damping 

𝑛𝑛 ≡NR Thermal  
Occupation 

- Should see difference in up-converted and down-converted cavity sidebands as 𝑛𝑛 → 0  

At negative detuning 
Up-conversion rate 
decreases to zero as 𝑛𝑛 →0  



- A year later, the Painter group used their system and sideband techniques to 
provide the first (indirect) measurement of the zero-point fluctuation of mechanics  

Side-Band Cooling and Pumping to Observe Zero-Point Fluctuations 
A.H. Safavi-Naeini et al. Phys. Rev. Lett 108, 033602 (2012)  

- Painter group measured the asymmetry in up-converted 
and down-converted cavity sidebands as 𝑛𝑛 → 0  

At negative detuning 
Up-conversion rate 
decreases to zero as 𝑛𝑛 →0  

85 phonons 

6.3 phonons 

3.2 phonons 

Absorption 
≈ Emission 

Shaded region 
corresponds to 
zero-point 
contribution 

- In this experiment could not achieve 𝑛𝑛 < 1 due to 
technical details (but should have seen asymmetry 
become more pronounced as 𝑛𝑛 →0  )   



- A year later, the Painter group used their system and sideband techniques to 
provide the first (indirect) measurement of the zero-point fluctuation of mechanics  

Side-Band Cooling and Pumping to Observe Zero-Point Fluctuations 
A.H. Safavi-Naeini et al. Phys. Rev. Lett 108, 033602 (2012)  

- Painter group measured the asymmetry in up-converted 
and down-converted cavity sidebands as 𝑛𝑛 → 0  

At negative detuning 
Up-conversion rate 
decreases to zero as 𝑛𝑛 →0  

85 phonons 

6.3 phonons 

3.2 phonons 

Absorption 
≈ Emission 

Shaded region 
corresponds to 
zero-point 
contribution 

- In this experiment could not achieve 𝑛𝑛 < 1 due to 
technical details (would have seen asymmetry become 
more pronounced as 𝑛𝑛 →0  )   

This result was another milestone for the field as it provided first 
clear demonstration of the difference in motion attributable to 
zero-point fluctuations 

In the context of this series of lectures, it should raise questions 
about the limitations of measurement  
 
e.g. What are the limits to sensitivity of displacement 
measurement? What is required to measure displacement with 
sensitivity to resolve zero-point fluctuations? 



Quantum Limits of Displacement Detection – Basic Considerations 

𝑥𝑥 = ? 

𝑓𝑓 

Image Sensor 

Lens 

𝑙𝑙 

𝐷𝐷 

𝑛𝑛 

- Imagine there is some small object whose 
position you want to keep track of over time (like 
the nanobeam on the left) as precisely as possible 

- Thought experiment: imagine putting the 
nanobeam in a “Heisenberg Microscope” 

- Scatter a photon off the beam and infer it’s position 
𝑥𝑥 with respect to the optical axis of the lens 

Assume it’s  
a free mass 



Quantum Limits of Displacement Detection – Basic Considerations 

- Imagine there is some small object whose 
position you want to keep track of over time (like 
the nanobeam on the left) as precisely as possible 

𝑓𝑓 

Image Sensor 

Lens 

𝑙𝑙 

𝑥𝑥 

𝑥𝑥𝑚𝑚 
- Thought experiment: imagine putting the 
nanobeam in a “Heisenberg Microscope” 

- Scatter a photon off the beam and infer it’s position 
𝑥𝑥 with respect to the optical axis of the lens by 
recording the location (𝑥𝑥𝑚𝑚) of the pixel that records 
the scattered photon 

𝑥𝑥 = 𝑥𝑥𝑚𝑚
𝑓𝑓
𝑙𝑙

 

𝐷𝐷 

- Assume uncertainty in a single measurement would 
be ∆𝑥𝑥0 ≈ 𝑛𝑛𝑓𝑓 𝐷𝐷⁄  (~diffraction limit of microscope) 

𝑛𝑛 

Assume it’s  
a free mass 



Quantum Limits of Displacement Detection – Basic Considerations 

𝑓𝑓 

Image Sensor 

Lens 

𝑙𝑙 

𝑥𝑥 

𝑥𝑥𝑚𝑚 

𝐷𝐷 

- Uncertainty in a single measurement using 
Heisenberg microscope would be ∆𝑥𝑥0 ≈ 𝑛𝑛𝑓𝑓 𝐷𝐷⁄  
(~resolving power of the scope) 

𝑛𝑛 

- In principle, for a single measurement, there is 
no fundamental limit (aside from relativistic 
considerations) to the measurement’s precision 

Could just decrease 𝑛𝑛 

- But there are some problems with this line of 
thought:  

(1) Technical problem - Higher energy photons 
could cause damage; also would not reveal 
motion of the structure but motion of the 
atoms; etc. 

(2) Fundamental problem: Heisenberg 
Uncertainty principle would feed uncertainty 
into subsequent measurements  

Assume it’s  
a free mass 



Quantum Limits of Displacement Detection – Basic Considerations 

𝑓𝑓 

Image Sensor 

Lens 

𝑙𝑙 

𝑥𝑥 

𝑥𝑥𝑚𝑚 

𝐷𝐷 

𝑛𝑛 

Problems with decreasing 𝑛𝑛 to improve sensitivity:  
(1) Technical problem - Higher energy photons could 

cause damage; also would not reveal motion of 
the structure but motion of the atoms; etc. 

(2) Fundamental problem: Heisenberg uncertainty 
principle would feed imprecision into subsequent 
measurements  

Upon first measurement: Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  
Δ𝑥𝑥0 ≡ Measurement  
Imprecision from 
diffraction 

Second measurement after time 𝜏𝜏: 

(Δ𝑥𝑥1)2= (Δ𝑥𝑥0)2+(Δ𝑝𝑝𝑒𝑒0𝜏𝜏/𝑚𝑚)2 

(Δ𝑥𝑥1)2= (Δ𝑥𝑥0)2+(ℏ𝜏𝜏/2Δ𝑥𝑥0𝑚𝑚)2 

Diffraction limit Uncertainty from 
‘back-action’ 

‘Back-action’ due to  
uncertainty principle (UP) 

Total Uncertainty 
After Two  

Measurements 

Assume it’s  
a free mass 



Quantum Limits of Displacement Detection – SQL for a Free Mass 
(See Braginsky books for more information) 

Upon first measurement: Δ𝑝𝑝0 = ℏ 2Δ𝑥𝑥0⁄  

Δ𝑥𝑥0 ≡ Measurement  
imprecision from diffraction 

Second measurement after time 𝜏𝜏: 

(Δ𝑥𝑥1)2= (Δ𝑥𝑥0)2+(Δ𝑝𝑝𝑒𝑒0𝜏𝜏/𝑚𝑚)2 

(Δ𝑥𝑥1)2= (Δ𝑥𝑥0)2+(ℏ𝜏𝜏/2Δ𝑥𝑥0𝑚𝑚)2 

Diffraction limit Uncertainty from 
‘back-action’ 

‘Back-action’ due to  
uncertainty principle (U.P.) 

Total Uncertainty 
After Two  

Measurements 

Making measurements with arbitrarily small 
imprecision Δ𝑥𝑥0, will render subsequent 

measurements completely uncertain!   

Assume it’s  
a free mass 

There is an 
optimum.  Δ𝑥𝑥SQL = ℏ𝜏𝜏 2𝑚𝑚⁄  

The Standard 
Quantum 

Limit (for a 
free mass) 

Moral of  
the Story: 

Because of U.P. there is a trade off 
between measurement imprecision 
(strength) and back-action 

Quantum mechanically 
Δ𝑥𝑥Δ𝑝𝑝𝑒𝑒 ≥ ℏ 2⁄  

(𝑥𝑥�,�̂�𝑝𝑒𝑒)  

At the SQL, measurement 
imprecision and back-action 

contribute equally 



Quantum Limits of Displacement Detection – SQL for a Simple 
Harmonic Oscillator 

𝑥𝑥 

LaHaye Group - 2015 

e.g. NR oscillating about 
equilibrium position 

- For a simple harmonic oscillator, there also exists 
a standard quantum limit for repeated ‘quick’, 
‘strong’ measurements of its position  

- Again, this derives from the uncertainty principle 
for 𝑥𝑥 and 𝑝𝑝𝑒𝑒 and the dynamics of the oscillator 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Trajectory in Phase Space 

𝑥𝑥 

𝑝𝑝𝑒𝑒 𝑚𝑚𝜔𝜔⁄  

�̂�𝑝𝑒𝑒 𝑡𝑡 = −𝑚𝑚𝜔𝜔𝑥𝑥�0𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 + �̂�𝑝𝑒𝑒0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 

But at any 𝑡𝑡, 𝑥𝑥� 𝑡𝑡 , �̂�𝑝𝑒𝑒 𝑡𝑡 = 𝑠𝑠ℏ 

So Δ𝑥𝑥(𝑡𝑡)Δ𝑝𝑝𝑒𝑒(𝑡𝑡) ≥ ℏ 2⁄  

Say at 𝑡𝑡 = 0, you make 
“Heisenberg microscope” type 
measurement with imprecision Δ𝑥𝑥0 

Consider 

Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  

Uncertainty 
ellipse about 
initial point 



Quantum Limits of Displacement Detection – SQL for a Simple 
Harmonic Oscillator 

𝑥𝑥 

LaHaye Group - 2015 

e.g. NR oscillating about 
equilibrium position 

- This derives from the uncertainty principle for 𝑥𝑥 
and 𝑝𝑝𝑒𝑒 and the dynamics of the oscillator 

Trajectory in Phase Space 

𝑥𝑥 

𝑝𝑝𝑒𝑒 𝑚𝑚𝜔𝜔⁄  

�̂�𝑝𝑒𝑒 𝑡𝑡 = −𝑚𝑚𝜔𝜔𝑥𝑥�0𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 + �̂�𝑝𝑒𝑒0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 

But at any 𝑡𝑡, 𝑥𝑥� 𝑡𝑡 , �̂�𝑝𝑒𝑒 𝑡𝑡 = 1 

So Δ𝑥𝑥(𝑡𝑡)Δ𝑝𝑝𝑒𝑒(𝑡𝑡) ≥ ℏ 2⁄  

Say at 𝑡𝑡 = 0, you make 
“Heisenberg microscope” type 
measurement with imprecision Δ𝑥𝑥0 

Consider 

Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  

Uncertainty 
ellipse about 
initial point 

Uncertainty will evolve according to 

(Δ𝑥𝑥(𝑡𝑡))2= (Δ𝑥𝑥0)2𝑐𝑐𝑐𝑐𝑠𝑠2𝜔𝜔𝑡𝑡 
+(ℏ/2Δ𝑥𝑥0𝑚𝑚𝜔𝜔)2𝑠𝑠𝑠𝑠𝑛𝑛2𝜔𝜔𝑡𝑡 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 



Quantum Limits of Displacement Detection – SQL for a Simple 
Harmonic Oscillator 

𝑥𝑥 

LaHaye Group - 2015 

e.g. NR oscillating about 
equilibrium position 

- This derives from the uncertainty principle for 𝑥𝑥 
and 𝑝𝑝𝑒𝑒 and the dynamics of the oscillator 

Trajectory in Phase Space 

𝑥𝑥 

𝑝𝑝𝑒𝑒 𝑚𝑚𝜔𝜔⁄  

�̂�𝑝𝑒𝑒 𝑡𝑡 = −𝑚𝑚𝜔𝜔𝑥𝑥�0𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 + �̂�𝑝𝑒𝑒0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 

But at any 𝑡𝑡, 𝑥𝑥� 𝑡𝑡 , �̂�𝑝𝑒𝑒 𝑡𝑡 = 1 

So Δ𝑥𝑥(𝑡𝑡)Δ𝑝𝑝𝑒𝑒(𝑡𝑡) ≥ ℏ 2⁄  

Say at 𝑡𝑡 = 0, you make 
“Heisenberg microscope” type 
measurement with imprecision Δ𝑥𝑥0 

Consider 

Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  

Ellipse rotates 
as trajectory 
advances 

Uncertainty will evolve according to 
𝜔𝜔𝑡𝑡 

(Δ𝑥𝑥(𝑡𝑡))2= (Δ𝑥𝑥0)2𝑐𝑐𝑐𝑐𝑠𝑠2𝜔𝜔𝑡𝑡 
+(ℏ/2Δ𝑥𝑥0𝑚𝑚𝜔𝜔)2𝑠𝑠𝑠𝑠𝑛𝑛2𝜔𝜔𝑡𝑡 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 



Quantum Limits of Displacement Detection – SQL for a Simple 
Harmonic Oscillator 

𝑥𝑥 

LaHaye Group - 2015 

e.g. NR oscillating about 
equilibrium position 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Trajectory in Phase Space 

𝑥𝑥 

𝑝𝑝𝑒𝑒 𝑚𝑚𝜔𝜔⁄  

�̂�𝑝𝑒𝑒 𝑡𝑡 = −𝑚𝑚𝜔𝜔𝑥𝑥�0𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 + �̂�𝑝𝑒𝑒0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 

But at any 𝑡𝑡, 𝑥𝑥� 𝑡𝑡 , �̂�𝑝𝑒𝑒 𝑡𝑡 = 1 

So Δ𝑥𝑥(𝑡𝑡)Δ𝑝𝑝𝑒𝑒(𝑡𝑡) ≥ ℏ 2⁄  

Say at 𝑡𝑡 = 0, you make “Heisenberg microscope” 
type measurement with imprecision Δ𝑥𝑥0 

Consider 

Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  

Ellipse rotates 
as trajectory 
advances 

Uncertainty will evolve according to 

𝜔𝜔𝑡𝑡 

(Δ𝑥𝑥(𝑡𝑡))2= (Δ𝑥𝑥0)2𝑐𝑐𝑐𝑐𝑠𝑠2𝜔𝜔𝑡𝑡 
+(ℏ/2Δ𝑥𝑥0𝑚𝑚𝜔𝜔)2𝑠𝑠𝑠𝑠𝑛𝑛2𝜔𝜔𝑡𝑡 

To minimize the maximum Δ𝑥𝑥(𝑡𝑡)  

Δ𝑥𝑥0 = Δ𝑥𝑥SQL = ℏ 2𝑚𝑚𝜔𝜔⁄  



Quantum Limits of Displacement Detection – SQL for a Simple Harmonic 
Oscillator [See Braginsky or Caves et al. RMP 52, 341 (1980)]  

𝑥𝑥 

LaHaye Group - 2015 

e.g. NR oscillating about 
equilibrium position 

Trajectory in Phase Space 

𝑥𝑥 

𝑝𝑝𝑒𝑒 𝑚𝑚𝜔𝜔⁄  

�̂�𝑝𝑒𝑒 𝑡𝑡 = −𝑚𝑚𝜔𝜔𝑥𝑥�0𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 + �̂�𝑝𝑒𝑒0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 

But at any 𝑡𝑡, 𝑥𝑥� 𝑡𝑡 , �̂�𝑝𝑒𝑒 𝑡𝑡 = 1 

So Δ𝑥𝑥(𝑡𝑡)Δ𝑝𝑝𝑒𝑒(𝑡𝑡) ≥ ℏ 2⁄  

Say at 𝑡𝑡 = 0, you make “Heisenberg microscope” 
type measurement with imprecision Δ𝑥𝑥0 

Consider 

Δ𝑝𝑝𝑒𝑒0 = ℏ 2Δ𝑥𝑥0⁄  

At SQL, error 
ellipse is a circle 

𝜔𝜔𝑡𝑡 

(Δ𝑥𝑥(𝑡𝑡))2= (Δ𝑥𝑥0)2𝑐𝑐𝑐𝑐𝑠𝑠2𝜔𝜔𝑡𝑡 
+(ℏ/2Δ𝑥𝑥0𝑚𝑚𝜔𝜔)2𝑠𝑠𝑠𝑠𝑛𝑛2𝜔𝜔𝑡𝑡 

To minimize the maximum Δ𝑥𝑥(𝑡𝑡)  

Δ𝑥𝑥0 = Δ𝑥𝑥SQL = ℏ 2𝑚𝑚𝜔𝜔⁄  

Minimum 
uncertainty 
wave packet 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Uncertainty will evolve according to 



Quantum Limit of Weak Displacement Detection 

- The previous slides discussed idealized instantaneous, projective (or strong) measurements 

- In general measurements of mechanical resonators in this field of work are done with 
weakly coupled probes* that extract information about the resonators slowly compared to 
time scale of the system dynamics 

Quick on the time scale of 
the system’s dynamics, 
relaxation, etc  

Collapse the measured 
system’s wave function 

*An exception are some qubit-coupled mechanical devices which will be discussed in Lecture III 

Examples: transistors, tunnel junctions, 
EM cavities, which couple linearly to the 

mechanical mode  

LaHaye 2004 (Schwab Group) Aspelmeyer Group  
2009 (Vienna)  

SET 

SET current varies linearly with 𝑥𝑥 

Point contact current  
varies linearly with 𝑥𝑥 

Lehnert Group 2007 (NIST) 

Frequency of cavity 
resonance responds 

linearly with 𝑥𝑥 



Quantum Limit of Weak Displacement Detection 

- The previous slides discussed idealized instantaneous, projective (or strong) measurements 

- In general measurements of mechanical resonators in this field of work are done with 
weakly coupled probes* that extract information about the resonators slowly compared to 
time scale of the system dynamics and relaxation effects 

Quick on the time scale of 
the system’s dynamics, 
relaxation, etc  

Collapse the measured 
system’s wave function 

*An exception are some qubit-coupled mechanical devices which will be discussed in Lecture III 

Examples: transistors, tunnel junctions, 
EM cavities, which couple linearly to the 

mechanical mode  

LaHaye 2004 (Schwab Group) Aspelmeyer Group  
2009 (Vienna)  

SET 

SET current varies linearly with 𝑥𝑥 

Point contact current  
varies linearly with 𝑥𝑥 

Lehnert Group 2007 (NIST) 

Frequency of cavity 
resonance responds 

linearly with 𝑥𝑥 

Measurement with such weakly (linearly) coupled devices are 
also subject to quantum limits on measurement resolution 
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k 

x(t) kω
m

=

λ 

Signal Output = Gλ𝑥𝑥(𝑡𝑡) + 
Noise 

Gain=G 

Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

Back- 
action 

Additive 
Noise 

𝑆𝑆𝐹𝐹 

𝑆𝑆𝑒𝑒,imp 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  

In last decade, 
Aash Clerk has 
formulated very 
clearly these 
limits using a 
linear response 
approach  Aash Clerk (McGill) 

Back-action force randomly kicks oscillator 

𝑆𝑆𝐹𝐹,𝑒𝑒(Ω) = 2𝑆𝑆𝐹𝐹𝛾𝛾 [4 Ω − 𝜔𝜔 2 + 𝛾𝛾2]⁄  

Oscillator 
damping 

oscillator response function 
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Gain=G 

Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

Back- 
action 

Additive 
Noise 

𝑆𝑆𝐹𝐹 

𝑆𝑆𝑒𝑒,imp 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  

In last decade, 
Aash Clerk has 
formulated very 
clearly these 
limits using a 
linear response 
approach  Aash Clerk (McGill) 

Back-action force randomly kicks oscillator 

𝑆𝑆𝐹𝐹,𝑒𝑒(Ω) = 2𝑆𝑆𝐹𝐹𝛾𝛾 [4 Ω − 𝜔𝜔 2 + 𝛾𝛾2]⁄  

Oscillator 
damping 

oscillator response function 

Total Added Detector Noise 
Power: 𝑆𝑆𝑋𝑋 = 𝑆𝑆𝐹𝐹,𝑒𝑒 + 𝑆𝑆𝑒𝑒,𝑖𝑖𝑚𝑚𝑖𝑖 
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detector 
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x(t) kω
m

=

λ 

Gain=G 

Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

Back- 
action 

Additive 
Noise 

𝑆𝑆𝐹𝐹 

𝑆𝑆𝑒𝑒,imp 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  
The equality is the defining 

criterion of a quantum-limited 
linear detector 

In last decade, 
Aash Clerk has 
formulated very 
clearly these 
limits using a 
linear response 
approach  Aash Clerk (McGill) 

Most detectors 
don’t satisfy the 
equality 

Back-action force randomly kicks oscillator 

𝑆𝑆𝐹𝐹,𝑒𝑒(Ω) = 2𝑆𝑆𝐹𝐹𝛾𝛾 [4 Ω − 𝜔𝜔 2 + 𝛾𝛾2]⁄  

Oscillator 
damping 

oscillator response function 

Total Added Detector Noise 
Power: 𝑆𝑆𝑋𝑋 = 𝑆𝑆𝐹𝐹,𝑒𝑒 + 𝑆𝑆𝑒𝑒,𝑖𝑖𝑚𝑚𝑖𝑖 
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detector 

k 

x(t) kω
m

=

λ 

Gain=G 

Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

Back- 
action 

Additive 
Noise 

𝑆𝑆𝐹𝐹 

𝑆𝑆𝑒𝑒,imp 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  

- Increasing detector coupling 𝑛𝑛, decreases 
the imprecision 𝑆𝑆𝑒𝑒,imp (additive noise) but 
boosts the back-action noise 𝑆𝑆𝐹𝐹 

The equality is the defining 
criterion of a quantum-limited 

linear detector 

In last decade, 
Aash Clerk has 
formulated very 
clearly these 
limits using a 
linear response 
approach  Aash Clerk (McGill) 

Most detectors 
don’t satisfy the 
equality 

Total Added Detector Noise 
Power: 𝑆𝑆𝑋𝑋 = 𝑆𝑆𝐹𝐹,𝑒𝑒 + 𝑆𝑆𝑒𝑒,𝑖𝑖𝑚𝑚𝑖𝑖 



Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  

- Increasing detector coupling 𝑛𝑛, decreases 
the imprecision 𝑆𝑆𝑒𝑒,imp (additive noise) but 
boosts the back-action noise 𝑆𝑆𝐹𝐹 

The equality is the defining 
criterion of a quantum-limited 

linear detector 

𝑛𝑛 (arb. units) 

𝑆𝑆 𝑒𝑒
(𝑥𝑥
𝑧𝑧𝑖𝑖2

/𝛾𝛾
) 

𝛾𝛾 − Resonator’s damping rate 
𝑥𝑥𝑧𝑧𝑖𝑖 = ℏ 2𝑚𝑚𝜔𝜔⁄ − zero-point motion 

Imprecision Noise  
dominates 

Back-action  
dominates optimum 

Total Detector Noise (𝑆𝑆𝑒𝑒) – From Clerk et al. 



Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  

- Increasing detector coupling 𝑛𝑛, decreases 
the imprecision 𝑆𝑆𝑒𝑒,imp (additive noise) but 
boosts the back-action noise 𝑆𝑆𝐹𝐹 

The equality is the defining 
criterion of a quantum-limited 

linear detector 

𝑛𝑛 (arb. units) 

𝑆𝑆 𝑒𝑒
(𝑥𝑥
𝑧𝑧𝑖𝑖2

/𝛾𝛾
) 

Imprecision  
dominates 

Back-action  
dominates 

Total Detector Noise (𝑆𝑆𝑒𝑒) – From Clerk et al. 

optimum 

Quantum Limited Linear Detector 

Δ𝑥𝑥 = �𝑆𝑆𝑒𝑒 𝑑𝑑Ω = ℏ 2𝑚𝑚𝜔𝜔⁄  

The detector must add 𝑥𝑥𝑧𝑧𝑖𝑖 of noise in 
the resonator’s bandwidth 

At optimum 𝑛𝑛 



Quantum Limit of Linear (Weak) Displacement Detection 
* See e.g. C.M. Caves PRD 26, 1817 (1982); Braginsky Quantum Measurement; A.A. Clerk et al. RMP 82, 1155 (2010) 

- For continuous displacement detection, 
a phase-preserving linear detector must 
add noise 

- Ultimately, the noise the detector adds 
is constrained by an uncertainty relation 

𝑥𝑥� 𝑡𝑡 = 𝑥𝑥�0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 + (�̂�𝑝𝑒𝑒0/𝑚𝑚𝜔𝜔)𝑠𝑠𝑠𝑠𝑛𝑛𝜔𝜔𝑡𝑡 

Phase preserving means amplifying both quadratures 
the same (essentially learning about both 𝑥𝑥 and 𝑝𝑝 
over time,  the phase space trajectory)* 

𝑆𝑆𝐹𝐹𝑆𝑆𝑒𝑒,imp ≥
ℏ2

4  Total Detector Added Noise 
𝑆𝑆𝑋𝑋 = 𝑆𝑆𝐹𝐹,𝑒𝑒 + 𝑆𝑆𝑒𝑒,𝑖𝑖𝑚𝑚𝑖𝑖 

Including resonator’s zero-point (ZP) noise, the total displacement noise density would 
be 2x the zero-point contribution: 𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡𝑚𝑚𝑑𝑑 = 𝑆𝑆𝑒𝑒 + 𝑆𝑆𝑧𝑧𝑖𝑖 = 2𝑥𝑥𝑧𝑧𝑖𝑖2 /𝛾𝛾 

𝑆𝑆 t
ot
al

 (𝑥𝑥
𝑧𝑧𝑖𝑖2

/𝛾𝛾
)  

Displacement Noise 
Including Resonator’s ZP 

From 
Clerk et al. 

Back  
action 

Imprecision 

Quantum Limited Linear Detector 

Δ𝑥𝑥 = �𝑆𝑆𝑒𝑒 𝑑𝑑Ω = ℏ 2𝑚𝑚𝜔𝜔⁄  

At optimum coupling 



Quantum Limited Detectors (examples of ones that aren’t) 

- Most detectors, like operational amplifiers and even cryogenic 
amplifiers (shown below) are not quantum limited  

OP 27 (Analog Devices) 

Current noise: 𝑆𝑆𝐼𝐼~(1 pA 𝐻𝐻𝐺𝐺⁄ )2 

Voltage noise: 𝑆𝑆𝑉𝑉~(1 nV 𝐻𝐻𝐺𝐺⁄ )2 

Estimate of noise product*: 𝑆𝑆𝐼𝐼𝑆𝑆𝑉𝑉/𝜔𝜔2~10−50(J ∙ s)2~1018ℏ2 at 𝜔𝜔 2𝜋𝜋⁄ = 1 kHz 

*Such an amplifier is ill-suited for quantum measurement of mechanical resonator anyways for 
other technical reasons (e.g. low bandwidth, would be difficult to couple strongly, etc)  

(~ back-action) 

(~ additive noise) 

Low –Noise Cryogenic high 
electron mobility amplifier 

(HEMT) 

Weinreb Group (Caltech) 

At microwave frequencies, has 
noise temperature 𝑇𝑇𝑁𝑁~ 5K 

𝑆𝑆𝐼𝐼𝑆𝑆𝑉𝑉/𝜔𝜔2~𝑘𝑘𝐵𝐵2𝑇𝑇𝑁𝑁2/𝜔𝜔2~10−64(J ∙ s)2 
~104ℏ2 

For 𝜔𝜔 2𝜋𝜋⁄ = 1 GHz 



Quantum Limited Detectors (or nearly such) 

- Some mesoscopic detectors come very close (or are expected to be) to being 
quantum limited detectors 

*See M.D. LaHaye et al. Science (2004) or A. Naik et al. Nature (2006) for more details on this detector. 

Also see A. Clerk et al. Rev. Mod. Phys. 82, 1155 (2010) for a review of devices near the QL before 2010 

- One example for which the back-action and imprecision noise  have been 
measured is the superconducting single-electron transistor (SSET) 
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Vg 
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I ds
(p

A)

Qg(e)

NR linearly modulates 
𝑄𝑄𝑔𝑔 if SSET is biased her  

𝑄𝑄𝑔𝑔 = 𝐶𝐶𝑔𝑔𝑉𝑉𝑔𝑔 𝑒𝑒⁄  

Current thru SSET Modulated  
by Electrode Charge 

𝐼𝐼 (
𝑝𝑝𝑝𝑝

) 

𝐼𝐼 
𝐼𝐼 

- Motion of NR linearly modulates 𝐶𝐶𝑔𝑔  
and hence 𝐼𝐼 



The superconducting single-electron transistor (SSET) displacement 
detector (Nearly quantum limited linear detector) 

*See M.D. LaHaye et al. Science (2004) or A. Naik et al. Nature (2006) for more details on this detector. 
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2e- or e- 

SSET tunnel  
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Vg 
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I ds
(p

A)

Qg(e)

NR linearly modulates 
𝑄𝑄𝑔𝑔 if SSET is biased here 

𝑄𝑄𝑔𝑔 = 𝐶𝐶𝑔𝑔𝑉𝑉𝑔𝑔 2𝑒𝑒⁄  

Current thru SSET Modulated  
by Electrode Charge 

𝐼𝐼 (
𝑝𝑝𝑝𝑝

) 

𝐼𝐼 
𝐼𝐼 

- Motion of NR linearly modulates 𝐶𝐶𝑔𝑔  
and hence 𝐼𝐼 

Detector noise ultimately limited by the correlations between electrons (e-) and cooper-
pairs (2e-) that tunnel onto and off of the SSET ‘island’ 

Additive Noise 𝑆𝑆𝐼𝐼: Uncertainty in tunneling e- and 2e-   
Back-Action 𝑆𝑆𝐹𝐹: Fluctuating 
potential 𝜑𝜑 due to tunneling 
charges ‘kicks’ the nanoresonator Near transport resonances*:  𝑆𝑆𝐼𝐼𝑆𝑆𝐹𝐹/(

𝜕𝜕𝐼𝐼
𝜕𝜕𝑥𝑥)~1.5ℏ 

*Bennet, Clerk, NJP 7, 238 (2005) 



The superconducting single-electron transistor (SSET) displacement 
detector (Nearly quantum limited linear detector) 

*See M.D. LaHaye et al. Science (2004) or A. Naik et al. Nature (2006) for more details on this detector. 
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SSET tunnel  
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Qg(e)

NR linearly modulates 
𝑄𝑄𝑔𝑔 if SSET is biased here 

𝑄𝑄𝑔𝑔 = 𝐶𝐶𝑔𝑔𝑉𝑉𝑔𝑔 2𝑒𝑒⁄  

Current thru SSET Modulated  
by Electrode Charge 

𝐼𝐼 (
𝑝𝑝𝑝𝑝

) 

𝐼𝐼 
𝐼𝐼 

- Motion of NR linearly modulates 𝐶𝐶𝑔𝑔  
and hence 𝐼𝐼 

Experiments with 20 MHz NR*: 𝑆𝑆𝐼𝐼𝑆𝑆𝐹𝐹/(𝜕𝜕𝐼𝐼
𝜕𝜕𝑒𝑒

)~15ℏ (80ℏ if include noise of second stage amp) 

*Naik et al. Nature 2006 (Schwab group) 

Were limited by non-optimal SSET bias point, and some 
other technical issues, including excess NR damping 

Importantly: Observed the back-action 
noise of the tunneling 2e- and e-. The 
Quantum Noise of the detector! 



The superconducting single-electron transistor (SSET) displacement 
detector (Nearly quantum limited linear detector) 

*See M.D. LaHaye et al. Science (2004) or A. Naik et al. Nature (2006) for more details on this detector. 
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NR linearly modulates 
𝑄𝑄𝑔𝑔 if SSET is biased here 

𝑄𝑄𝑔𝑔 = 𝐶𝐶𝑔𝑔𝑉𝑉𝑔𝑔 2𝑒𝑒⁄  

Current thru SSET Modulated  
by Electrode Charge 

𝐼𝐼 (
𝑝𝑝𝑝𝑝

) 

𝐼𝐼 
𝐼𝐼 

- Motion of NR linearly modulates 𝐶𝐶𝑔𝑔  
and hence 𝐼𝐼 

Experiments measuring 1 
GHz LC oscillator*: 

Noise Product ~3.6ℏ (8ℏ if include noise of second stage amp) 

*W. Xue et al. Nat. Phys 2009 (Rimberg group, Dartmouth) 

Importantly providing further confirmation of the quantum noise characteristics of the 
SSET detector! 



Cavity Mechanics and the Standard Quantum Limit 
*See M. Aspeleyer et al. RMP 86, 1391 (2014).  

T. Purdy et al. Science 339, 801 (2013) 

- EM cavities parametrically coupled to mechanical 
resonators also can act as linear detectors of motion 

𝑛𝑛� ≡ Mean # of Cavity Photons 

Standard quantum limit 
should be reached for 
optimal 𝑛𝑛 for these systems 

From Aspelmeyer et al.  

Using phase-preserving 
detection, best so far: 

𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖𝑆𝑆𝐹𝐹~102ℏ 

Limited by small 𝑛𝑛 𝜅𝜅⁄  and other 
Technical issues 

𝜅𝜅 ≡ Cavity damping rate 

- Motion of mechanical 
device modulates the 
phase of either transmitted 
or reflected probe laser 

- Ultimately, imprecision 
(additive noise) is 
dominated by shot noise of 
the cavity photons 

𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 ∝ 1 𝑛𝑛�⁄  

- Ultimately, back-action 
noise should be dominated 
by fluctuations in the 
radiation-pressure 𝑆𝑆𝐹𝐹 ∝ 𝑛𝑛� 



Cavity Mechanics and the Standard Quantum Limit 
*See M. Aspeleyer et al. RMP 86, 1391 (2014).  

J. Suh et al. Science 344, 1262 (2014) 
(Schwab Group, Caltech) 

- EM cavities parametrically coupled to mechanical 
resonators also can act as linear detectors of motion 

- Motion of mechanical 
device modulates the 
phase of either transmitted 
or reflected probe laser 

- Ultimately, imprecision 
(additive noise) is 
dominated by shot noise of 
the cavity photons 

𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 ∝ 1 𝑛𝑛�⁄  

- Ultimately, back-action 
noise should be dominated 
by fluctuations in the 
radiation-pressure 𝑆𝑆𝐹𝐹 ∝ 𝑛𝑛� 

𝑛𝑛� ≡ Mean # of Cavity Photons 

Using back-action evasion 
measurement (only sensitive 
to one quadrature of motion 
that is not dynamically 
coupled to other quadrature) 

From Aspelmeyer et al.  

Schwab Group 
Achieved: 𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖𝑆𝑆𝐹𝐹~5ℏ 

Observed (and reduced) the quantum 
noise of the microwave cavity! 𝜅𝜅 ≡ Cavity damping rate 

Drum-head NR 
 in LC circuit 



Cavity Mechanics and the Standard Quantum Limit 
*See M. Aspeleyer et al. RMP 86, 1391 (2014).  

J. Suh et al. Science 344, 1262 (2014) 
(Schwab Group, Caltech) 

- EM cavities parametrically coupled to mechanical 
resonators also can act as linear detectors of motion 

- Motion of mechanical 
device modulates the 
phase of either transmitted 
or reflected probe laser 

- Ultimately, imprecision 
(additive noise) is 
dominated by shot noise of 
the cavity photons 

𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 ∝ 1 𝑛𝑛�⁄  

- Ultimately, back-action 
noise should be dominated 
by fluctuations in the 
radiation-pressure 𝑆𝑆𝐹𝐹 ∝ 𝑛𝑛� 

𝑛𝑛� ≡ Mean # of Cavity Photons 

Using back-action evasion 
measurement (only sensitive 
to one quadrature of motion 
that is not dynamically 
coupled to other quadrature) 

From Aspelmeyer et al.  

Schwab Group 
Achieved: 𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖𝑆𝑆𝐹𝐹~5ℏ 

Observed (and reduced) the quantum 
noise of the microwave cavity! 𝜅𝜅 ≡ Cavity damping rate 

The Schwab group’s recent result in approaching the quantum limit of position detection 
with cavity opens the door for future work studying non-classical states of mechanics and 
potentially provides a new tool for ultra-sensitive force detection (think back to examples 
from Lecture I)  



Summary of Mechanical Quantum Systems Part II 
*See M. Aspeleyer et al. RMP 86, 1391 (2014).  

- Have discussed some of the basic experimental challenges facing 
the development of mechanical quantum systems  

- And have discussed some of the state-of-the art of the field in 
these contexts 

reducing effects of thermal noise 

Engineering quantum-limited linear 
displacement detection  

- Point to take home: We have the tools and techniques to cool mechanical 
systems close to their ground state and measure them with sensitivities 
approaching zero-point uncertainty → Field is rapidly evolving with these 
tools and first observations of quantum behavior are being demonstrated 



Summary of Mechanical Quantum Systems Part II 
*See M. Aspeleyer et al. RMP 86, 1391 (2014).  

- Have discussed some of the basic experimental challenges facing 
the development of mechanical quantum systems  

- And have discussed some of the state of the art of the field in 
these contexts 

reducing effects of thermal noise 

Engineering quantum-limited linear 
displacement detection  

- Point to take home: We have the tools and techniques to cool mechanical 
systems close to their ground state and measure them with sensitivities 
approaching zero-point uncertainty → Field is rapidly evolving with these 
tools and first observations of quantum behavior are being demonstrated 

Next time:  Another tool for manipulating and measuring quantum 
states of nano- and micromechanical systems: the qubit-coupled 
resonator 
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